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Simple derivation of HOV

Simple derivation of HOV

Vanek systematized Melvin’s reasoning: HO is about trade in bundles
of factors, not about trade in goods

Based on Vanek’s reformulation one can conclude that Leontief
(1953) did not perform the right test: one should compare the factor
content of consumption and production (Leamer, 1980)

Capital/labor ratios in export and imports, as computed by Leontief,
should not be compared.

Although there is no paradox after all with Leontief data, Leontief’s
explanation was right (Trefler, 1993 and 1995).

One must get rid of the assumption of identical technology.
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Simple derivation of HOV

Vanek:

Many countries indexed by i = 1, . . . ,C

Many industries, indexed by j = 1, . . . ,N

Many factors, indexed by k , l = 1, . . . ,M

Identical technologies across countries.

Factor-price equalisation prevailing under free trade (diversification).

Identical and homothetic tastes across countries.

Let the (M ×N) matrix A denote the amounts of labour, capital, land, and
other primary factors needed for one unit of production in each industry.
This matrix applies in any country

The rows measure the different factors k, l = 1, . . . ,M, while the columns
of this matrix measure the different industries j = 1, . . . ,N.
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Simple derivation of HOV

In the 2 x 2 x 2 case we would have for each country the same matrix:

A =

(
a1L a2L

a1K a2K

)
(1)

Let Yi denote the (N × 1) vector of outputs in each industry for country i
Let Di denote the (N × 1) vector of demands of each good

The vector of net exports for country i equals T i = Y i − D i .
The factor content of trade is defined by the M × 1 vector: F i ≡ AT i

Let’s note individual components of this vector as F i
k for factor k .

Such component is positive (negative) iff the factor is exported (imported)
in net terms
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Simple derivation of HOV

In the 2 factor case we get: (
F i
l

F i
k

)
≡ AT i

Empirical studies aim at relating AT i to the factor endowment of country
i relative to the world.
We will make use of the full employment condition AY i = V i

We also use the assumption of identical tastes combined with a one period
model and balanced trade:

Consumption equals income at domestic and world levels
Consumption of country i is a share s i of world consumption
So domestic consumption is D i = s iDw

And s i is also the share of i in world GDP (balanced trade)

The factor content of domestic consumption is:

AD i = s iADw

At world level supply = demand, thus:

s iADw = s iAY w = s iV w
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Simple derivation of HOV

Finally:
F i ≡ AT i = V i − s iV w (2)

Theorem

Heckscher-Ohlin-Vanek (HOV)
In terms of individual factors, F i

k = V i
k − s iV w .

If country i ’s endowment of factor k relative the world endowment exceeds

country i ’s share of world GDP (
V i
k

Vw
k
> s i ), then that country i is abundant

in that factor and the factor content of trade in factor k should also be
positive (F i

k > 0).
Country i net exports the services of its abundant factor.
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Leamer’s Reformulation

Using the HOV theorem, we can now reformulate the question asked by
Leontief and show that there was no paradox after all.
This does no mean that HOV is empirically validated in general. But
Leontief, with his own data, should not have concluded to a paradox.

We will discover later that Leontief was right: there is a problem of
validation, but not with his own data.

Start with the two elements F i
k and F i

l of the factor-content vector to be
computed in the Leontief’s case.

F i
k = K i − s iKw (3)

F i
l = Li − s iLw
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Leamer’s Reformulation

Assume that country i (the US) is capital abundant (K i/Kw > Li/Lw )

Theorem

Leamer (1980)
If capital is abundant relative to labour in country i ,
then the HOV theorem implies that the capital/labour ratio embodied in
production for country i exceeds the capital/labour ratio embodied in
consumption:

K i

Li
>

(K i − F i
k)

(Li − F i
l )

(4)

Where the right-hand side of this inequality is the endowment of each
factor, net of exports of its services = the services of this factor embodied
in domestic consumption
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Leamer’s Reformulation

Proof.

From (21) we have Kw = (K i − F i
k)/s i

And Lw = (Li − F i
l )/s i

Hence K i/Kw = s iK i/(K i − F i
k)

And Li/Lw = . . .
Finally K i/Kw > Li/Lw ⇒ K i/(K i − F i

k) > Li/(Li − F i
l )
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Leamer’s Reformulation

We can now use this result and compute the capital/labour ratio
embodied in US production and consumption, using Leontief’s dataset

Leamer’s (1980) reformulation of Leontief’s (1953) test

Production Consumption

Capital (USD billion) 327 305
Labour (million person-years) 47 45
Capital/Labour (USD/person) 6,949 6,737

The capital/labour ratio embodied in production exceeds that in
consumption.
This is the precise application of the HOV Theorem.
And it turns out to be satisfied for the U.S. in 1947, contrary to what
Leontief concluded.
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Leamer’s Reformulation

We can now rely on the World Integrated Equilibrium to illustrate
Leamer’s result.
Assume country 1 is labour intensive.

Under the assumptions of the HOV model, the consumption of each
country D i is proportional to world consumption Dw

The factor content of consumption AD i is proportional to ADw = V w

Therefore, a line from point V i to point AD i measures the net factor
content of trade.
The slope of the line between V i and AD i measures the ratio of factor
prices.

M1 - Trade - Session 2 HOV with differences in technology September 27, 2020 14 / 52



Leamer’s Reformulation
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Leamer’s Reformulation
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Leamer’s Reformulation
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Leamer’s Reformulation

Discussion:
Whether the standard theory of trade, based on HOV, is fitting well or not
international trade and factor endowments data cannot be assessed on the
US case only.
Large literature aiming at testing the theory.

The general idea is to bring equation (2) to the data

Reminder : F i ≡ AT i = V i − s iV w

Complete tests ⇒ combination of three types of data for a wide set of
countries:

Trade

Technology (at least for one country)

Factor endowments

Partial tests performed initially due to lack of data. Complete tests lead to
reformulation of HOV.
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Partial Tests

Partial Tests of HO
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Partial Tests

Partial Tests of HO

First possibility:
A and T as data and V i − s iV w estimated

AT i = V i − s iV w ⇒ T i = A−1(V i − s iV w ) (5)

With 2 factors and 3 industries

A =

(
a1L a2L a3L

a1K a2K a3K

)
Instead Baldwin used A′ since he regressed adjusted net exports of each
industry on their unit labour and capital requirements.
Data for 60 U.S. industries (j) for years around 1960. Disaggregation of
workers by skills.
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Partial Tests

Xij∑
j Xij
− Mij∑

j Mij
=

-1.37* (Physical Capital/Worker) + 7011* (Scientists/Worker) - 1473
(Managers/worker) + 71 (Clerical Staff/Worker) + 1578*
(Craftsmen-Foremen/Worker)+ 248 (Operatives/Worker)+ 761 (Unskilled
Employee/Worker)+ 845* (Farmers/Worker)+(Other controls)
N=60, R2=0.44, * significant at 95% level

Negative coefficient on the (Physical Capital/Worker) variable points to
Leontief paradox: US industries using more capital per worker export less.

Still, contaminated estimated of the vector of relative factor endowment
(V i − s iV w ) since (AA′)−1 is not the identity matrix

T i = A′β ⇒ β̂ = (AA′)−1AT i = (AA′)−1(V i − s iV w ) (6)
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Partial Tests

Second possibility:
T and V i − s iV w as data, elements of A−1 estimated
Leamer (1984), 60 countries in 1975

Focusing on a single industry j and letting the elements of A−1 be written
as βjk we can now write (Eq.2) in scalar form as:

T i
j =

N∑
k=1

βjk(V i
k − s iV w

k ), i = 1, 2, . . . ,C (7)

Reminder: T i = A−1(V i − s iV w )
We regress j by j cross-country and obtain Rybczynski derivatives.
We are interested in the signs, not so much in the point estimates.
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Partial Tests

Trade data aggregated into 10 sectors, plus non-traded proxied by the
GNP.

Also 11 factors of production:

Capital

3 types of workers

4 types of land

3 natural resources

Interesting estimates of R-effects
Illustration of the HO intuition
Still, hardly a convincing test of HOV
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Partial Tests
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Complete Tests with identical technologies

Complete tests of HO with identical technologies
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Complete Tests with identical technologies

Complete Tests with identical technologies

Complete tests: rely on a fully-fledged version of HOV.
Key reference is:
Bowen H.P., Leamer E.E., Sveikauskas L., (1987), Multicountry, Multifactor Tests of the
Factor Abundance Theory, The American Economic Review, 77(5): 791-809.

They really address how Eq. (2) fits the data, with C = 27 countries and
M = 12 factors:

F i = AT i = V i − s iV w

Consider elements F i
k of the vector of factor content of net trade

Rely on sign test: sign(F i
k) = sign(V i

k − s iV w
k )

Or on rank test: F i
k > F i

l⇔ (V i
k − s iV w

k ) > (V i
l − s iV w

l )
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Complete Tests with identical technologies

Assumption that countries have the US technology.
Hence A is the matrix for the US, applied to each country.

BLS (1987) found that the sign test was satisfied in about 61% of the
cases.

And the rank test was satisfied in about 49% of the cases.
About what we would expect from flipping a coin.

Deceiving results confirmed in later calculations by Trefler (1995): 33
countries and 9 factors.
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Complete Tests with identical technologies

Sign test: compares the sign pattern on the left and right of our equation.
M ×C observations in total: we are interested in what percentage of these
have the same sign on the two sides.

A completely random pattern of signs would still generate correct signs
50% of the time, in a large sample.
Therefore, the sign test must do considerably better than this in order to
conclude that the HOV Theorem is successful.

Rank test: involves a pairwise comparison of all factors for each country:
M(M − 1)/2 pairs for each of C countries.
If the computed factor contents of one factor exceeds that of a second
factor, then we check whether the relative abundance of that first factor
also exceeds the relative abundance of the second factor.
Again, a completely random assignment . . . 50% etc.
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Complete Tests with identical technologies

BLS(1987) replicated by Trefler (1995)

Country sign F rank F

Bangladesh 0.33 0.75
Pakistan 0.33 0.72
Indonesia 0.22 0.67
Sri Lanka 0.22 0.42

(. . .) (. . .) (. . .)
West Germany 0.73 0.81

France 0.33 0.08
Sweden 0.44 0.67
Norway 0.44 0.61

Switzerland 0.89 0.56
Canada 0.56 0.89

USA 0.89 0.92

All 0.50 0.60
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Complete Tests with identical technologies

We are back to Leontief !
As Leamer demonstrated there was no paradox for the US using Leontief’s
data.
But, using a broader sample of countries, HOV fails miserably.

Usual suspects:

Number of factors: 12 factors here, should be enough

Barriers to trade: to low to explain such results

Differences in preferences: to low

Imperfect competition: may be

Trade in services (transport, business services, etc.) missing: not so
much trade

Differences in technology: the explanation

Trefler (1993) and (1995) demonstrates this result.
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Complete Tests with different technologies

Complete tests of HO with different technologies
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Complete Tests with different technologies

Complete Tests with different technologies

Two ways that technological differences can be introduced into the HOV
model:

Model the productivity of factors in different countries

Model differences in the factor requirements matrix A

Closely related, of course: saying that a factor is 10% less productive in
one country is the same as saying that 10% more of that factor is needed
per unit of production.

Trefler D. (1993), International Factor Price Differences: Leontief was
Right!, JPE: 961-987 takes the first approach.

Allows all factors in every country to differ in their productivities.

The U.S. is used as the benchmark country, with factor productivities
normalized at unity.
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Complete Tests with different technologies

First approach: modelling the productivity of factors in different
countries.

Let πik denote the productivity of factor k in country i relative to the U.S.

In terms of efficiency units, the effective endowment of factor k in country
i is πikV i

k

Let A denote the amount of effective factors needed per unit of output in
each industry in the U.S. (the benchmark country).

We continue to assume FPE but now in terms of effective factor prices
(discuss policy implications).

We continue to measure the factor content as F i = AT i
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Complete Tests with different technologies

The HOV equation can now be written in terms of effective factor
endowments.
Instead of:

F i ≡ AT i = V i − s iV w

We now have, for factor k :

F i
k = πikV i

k − s i
C∑
j=1

πjkV j
k (8)

With C countries and M factors: we have MC equations in M(C − 1)
productivity parameters.

Equations are non independent.
However sum equation (4) for any factor k across countries: we obtain 0
on both sides.
Meaning that at world level import and export of factor services must be
equal for each factor k.
So we can drop the equations for one country.
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Complete Tests with different technologies

We are left with M(C − 1) equations in M(C − 1) parameters.
Equations will be independent for almost all sets of data on endowments
and factor contents of trade.
Productivity parameters π enter linearly in the equation: the M(C − 1)
equations can be inverted to solve the system.

Theorem

Trefler (1993)
Allowing for all factors in all but one country
to differ in their productivities πik
for almost all datasets there will be a solution for productivities such as
the HOV equation (4) holds with equality for each country and factor.
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Complete Tests with different technologies

Discussion

We can estimate the ranking of productivity across countries, for every
factor, that reconciles HOV with the data.
HOV no longer becomes testable: holds as an identity by the choice of the
productivity parameters.

So Leontief was right when assuming that the productivity of US
workers being the triple of foreign, the paradox would be fixed.

Still, need to double check that estimated πik are positive.
Also, need to match the estimated productivity ranking with other economic
indicators to check whether the outcome makes sense.
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Complete Tests with different technologies

Trefler (1993) relies on expected relationship between labour productivity
and wage.

Plot the two by country:

Productivity is estimated

Wage is observed

Both are relative to the U.S.

Excellent fit with 0.9 correlation.
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Complete Tests with different technologies
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Complete Tests with different technologies

Second approach : Modelling differences in the factor requirements
matrix across countries.

Trefler (1995) adopts a different strategy:

Allows factor requirements in matrix Ai to differ across countries i .

While factor endowments no longer differ in efficiency units.

The trick here is to have less than a perfect fit.

Trefler D. (1995), The Case of Missing Trade and Other Mysteries, AER 85(5):

1029-1046

Choose the parameters of Ai so as to minimise the sum of squared
residuals of the HOV equations.

Trefler consider two cases:

Matrices Ai differ by a uniform amount δi across countries.
Individual country matrices Ai , tell us how productivity actually differs
across factors and countries.

Use actual technology. This second option is problematic and will be
considered below.
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Complete Tests with different technologies

Let’s consider that matrices Ai differ by a uniform amount δi across
countries:

Ai = AUS/δi (9)

With δi < 1 country i is less productive than the US on average.
Producing in i and requires more of each factor for a unit of production,
relative to the U.S.

We can now re-derive the HOV equation, replacing A by Ai .

AiT i = AiY i − AiD i (10)

= V i − Ai (s iDw )

= V i − Ai (s i
C∑
j=1

Y j) (11)
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Complete Tests with different technologies

In line with Leontief (1953) and BLS (1987) let’s define the factor content
of country i as computed by using the US factor requirement matrix AUS .

Instead of imposing AUS we however assume an homogeneous difference
δi .

Note that factor content is accordingly F i ,US and not F i

δiAiT i = AUST i ≡ F i ,US
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Complete Tests with different technologies

To see this multiply (11) by δi

F i ,US = δiAiT i = δiV i − δiAi (s i
C∑
j=1

Y j)

⇔ AUST i = δiV i − AUS(s i
C∑
j=1

Y j)

⇔ AUST i = δiV i − s i
C∑
j=1

AUSY j

⇔ AUST i = δiV i − s i
C∑
j=1

δjAjY j

⇔ F i ,US = AUST i = δiV i − s i
C∑
j=1

δjV j (12)

M1 - Trade - Session 2 HOV with differences in technology September 27, 2020 42 / 52



Complete Tests with different technologies

Equation (12):

AUST i = δiV i − s i
C∑
j=1

δjV j

Can be estimated (with error term).
Left hand side is factor content of trade for country i measured with U.S.
technology.
Right hand side is relative factor endowment of country i adjusted by the
technological parameter of the considered country.
Null hypothesis is δi = 1

Only 4 out of 32 estimated δi are weakly statistically significant.
Correlation of estimated δi and GDP per capita relative to the U.S. is .89.
e.g. for France: almost identical: .74 versus .73
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Complete Tests with different technologies

Estimated δi : Trefler (1995)

Country GDP per cap. δi t stat

Bangladesh 0.04 0.03 47.71
Pakistan 0.08 0.09 32.10
Indonesia 0.11 0.10 39.51
Sri Lanka 0.12 0.09 14.85

(. . .) (. . .) (. . .)
West Germany 0.73 0.78 3.80

France 0.73 0.74 4.84
Sweden 0.75 0.57 4.09
Norway 0.82 0.69 1.80

Switzerland 0.91 0.79 1.41
Canada 0.95 0.55 9.82

USA 1.00 1.00
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Complete Tests with different technologies

How to compare the different results ?

HOV without productivity differences:
(F i

k = V i
k − s iV w

k )

HOV with estimated πik such as HOV is verified:

(F i
k = πikV i

k − s i
∑C

j=1 π
j
kV j

k)

Scalar differences δi in productivity across countries:
(AUST i = δiV i − s i

∑C
j=1 δ

jV j)

Notice: one has not used the actual technology

Let’s proceed with the 3 estimations. The R-squared is respectively:

0.032

1 by definition

0.486
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Complete Tests with different technologies

Original HOV equations at factor level, without any productivity
parameters at all:
→ Variance of the factor contents F i

k relative to the variance of the
country endowments (V i

k − s iV w
k ) nearly equals zero.

Trefler (1995) refers to this as the mystery of missing trade:

Measured factor contents of trade are very small in comparison with
relative endowments.

With uniform differences in productivity R-squared is 0.486
Hence nearly one-half of missing trade explained by scalar differences in
technology across countries.

These δi can now be used to recompute the rank and sign tests:
significantly better for sign but not for rank.
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Complete Tests with different technologies

BLS(1987) improved by Trefler (1995)

Country sign F δ rank F δ

Bangladesh 0.78 0.78
Pakistan 0.67 0.78
Indonesia 0.67 0.67
Sri Lanka 0.56 0.67

(. . .) (. . .) (. . .)
West Germany 0.67 0.78

France 0.33 0.22
Sweden 0.44 0.36
Norway 0.44 0.78

Switzerland 0.89 0.47
Canada 0.22 0.56

USA 0.56 0.72

All 0.62 0.62
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Complete Tests with different technologies

Summary

HOV is not explained by factor contents of trade under its original
assumptions.

Scalar productivity differences between countries explain one half of
the missing trade.

A set of productivity differences across countries and factors
reconciling HOV and data can be estimated.

We are confronted to this puzzle just because we have not departed so far
from the FPE assumption.
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Complete Tests with different technologies

But if factor prices differ:
→ the K/L ratios of traded goods must be systematically related to each
country’s endowments:

A country with a higher K/L endowment than its neighbour must have
higher K/L intensities in all of its traded goods.

Davis and Weinstein (AER, 2001): combine HOV + differences in
technology + non-FPE to reconcile the standard theory with the data.
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Complete Tests with different technologies

Davis and Weinstein (AER, 2001)
If FPE does not hold
Then K/L ratios of traded goods must be systematically related to each
country’s endowment

ln aijk = αi + βjk + γk

(
Ki

Li

)
+ εijk (13)

βjk average factor k requirement in industry j

αi uniform technological differences across countries à la Trefler

γk impact on aijk of non-FPE
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Complete Tests with different technologies

Predict Âi comprising the âijk

F̂od ≡ ÂoXod (14)

with o the origin and d the destination
Âo predicted by switching on sequentially βjk , αi and γk

βjk only → sign test correct 46%

βjk and αi → sign test correct 50%

βjk , αi and γk → sign test correct 86%

Predict also ÂoXod based on PPP GDPs of o and d

F̂od ≡ ÂoX̂od (15)

→ sign test correct 92%
20 OECD countries, 34 sectors, 2 factors, year 1985

M1 - Trade - Session 2 HOV with differences in technology September 27, 2020 51 / 52



Complete Tests with different technologies

Question: can these differences in technology be exogenous?
Are we back to Ricardo?

Increasing returns to scale might be the explanation

Introduced in HOV by Helpman and Krugman (1985)

Empirics in Antweiler W. Trefler D. (2002), Increasing Returns and All
That: A View from Trade, AER, 92(1): 93-119.

Presentation of this issue is postponed to session on imperfect competition.
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